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Abstract: The authors’ existing mixed-mode partition theories for rigid interfaces are extended to non-
rigid cohesive interfaces for layered isotropic double cantilever beams. The two sets of or-
thogonal pure modes for rigid interfaces coincide with each other for cohesive interfaces. 
Excellent agreement is observed between the analytical theory and finite element simula-
tions. 
 
 
1. Introduction  
Cohesive interfaces are different from the brittle rigid interfaces by allowing non-negligible 
relative interface displacement; they are called non-rigid interfaces in this study. Partition of 
mixed-fracture modes at non-rigid interfaces is usually carried out by using cohesive zone 
modelling (CZM) in conjunction with the finite element method (FEM). Various CZMs exist. 
The present study aims to develop an analytical theory to achieve a more in-depth under-
standing of cohesive interface fracture.  
 
2. Results 
By using the powerful orthogonal pure mode methodology [1-4], the total energy release rate 
(ERR) G  of mixed-mode fractures with non-rigid interface for layered isotropic double can-
tilever beams (DCB) can be partitioned into mode I and II ERR components based on 2D 
elasticity. 
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where Ic  and IIc  are two constants, and ( )iNRiNR βθ ,  (with 3,2,1=i ) represent a set of or-
thogonal pure modes which are material property and thickness ratio 12 / hh=γ -dependent. 
BM 2,1  and BN 2,1  are the crack tip bending moments and in-plane forces, respectively, with 
subscripts 1 and 2 denoting the layers above and below the crack. Numerical tests using CZM 
and FEM (Table 1) show that the pure modes are independent of the interface constitutive 
law. ‘Li’, ‘Bi’ and ‘Ex’ (Table 1) represent the linear, bi-linear and exponential constitutive 
laws, respectively. ‘An’ (Table 1) represents the present analytical theory. erk  (Table 1) rep-
resents the ratio between the interface stiffness in the linear ascending part and the Young’s 
modulus of the DCB material. Partition of a mixed-mode fracture with a bi-linear interface 
constitutive law (Table 2) also shows an excellent agreement between the analytical theory 
and two CZM approaches. 
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Table 1. Validation of the pureness of the NR1θ  and NR1β  modes being independent of the 
type of interface constitutive law 
 
2=γ   NRMM 112 θ=   NRMM 112 β=  
 ( )m1 erk  0.1 0.5 1 5 10  0.1 0.5 1 5 10 
 ( )Nm 1M  11.30 11.05 10.95 10.70 10.60  5.85 6.31 6.45 6.80 7.00 
 ( )Nm 2M  −14.58 −16.11 −16.65 −17.84 −18.55  39.28 8.82 38.50 37.94 37.67 
Li ( )mmkN IG  199.9 199.5 199.5 199.5 198.9  194.5 196.4 195.4 195.1 195.5 
 ( )% GGI  100 100 100 100 100  100 100 100 100 100 
Bi ( )mmkN IG  199.7 199.3 199.0 198.0 198.5  193.4 195.9 194.2 194.1 194.7 
 ( )% GGI  100 100 100 100 100  99.9 99.9 99.9 99.9 99.9 
Ex ( )mmkN IG  199.7 199.4 199.0 198.2 198.5  193.7 195.6 194.4 194.2 194.2 
 ( )% GGI  100 100 100 100 100  99.9 99.9 99.9 99.9 99.9 
An ( )mmkN IG  199.4 199.1 198.7 197.5 198.3  196.5 198.0 197.1 197.1 197.6 
 ( )% GGI  100 100 100 100 100  100 100 100 100 100 
 
 
Table 2. Comparison between the analytical model and FEM simulations for the ERR parti-
tion of a DCB with a single bending moment 1M  with a bilinear constitutive interface law 
 
  Crack tip analysis  Spatial analysis  Analytical 
( )mmkN cG  ( )m1 erk  0.1 1 10  0.1 1 10  0.1 1 10 
1000 ( )mmkN IG  966.7 944.9 900.2  950.9 919.3 864.9  958.7 909.8 850.1 
 ( )mmkN IIG  32.47 54.28 97.26  48.38 79.11 132.4  41.27 90.2 149.9 
 ( )mmkN G  999.1 999.2 997.5  999.2 998.4 997.3  1000 1000 1000 
 ( )%/G IG  96.75 94.57 90.25  95.16 92.08 86.72  95.87 90.98 85.01 
4000 ( )mmkN IG  3928 3872 3748  3830 3733 3561  3835 3639 3401 
 ( )mmkN IIG  70.42 125.8 246.7  167.3 261.1 430.4  165.1 360.8 599.5 
 ( )mmkN G  3999 3998 3994  3997 3995 3992  4000 4000 4000 
 ( )%/G IG  98.24 96.85 93.82  95.82 93.46 89.22  95.87 90.98 85.01 
 
 
3. Conclusions 
The pure modes are independent of the type of interface constitutive law. Partitions of mixed-
mode fracture with bi-linear interface constitutive laws by using the pure mode are accurately 
obtained. The analytical theory provides valuable benchmarks for current CZM and FEM 
modelling. 
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